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Abstract 
RaspopoviC, P., Incompressible surfaces in punctured Klein bottle bundles, Topology and its 
Applications 49 (1993) 95-113. 
2-sided incompressible surfaces in punctured torus bundles were classified by Floyd and Hatcher, 
and, independently, by Culler, Jaco and Rubinstein. We classify incompressible surfaces in 
punctured Klein bottle bundles. 
Keywords: Essential curves and band sums in a punctured Klein bottle, Klein bottle bundles, 
in~ompressibie surfaces. 
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Introduction 
The first complete classification of 2-sided incompressible and a-incompressible 
surfaces in a Haken manifold M was done by Thurston in [9], for M the figure-eight 
knot complement. Later, Hatcher and Thurston in [5] classified incompressible 
surfaces in 2-bridge knot complements, while Floyd and Hatcher in [2] and, 
independently Culler, Jaco and Rubinstein in [l] did it in (orientable) punctured 
torus bundles. The reason for choosing manifolds M with torus boundary is that 
the incompressible surfaces in A4 determine those of manifolds obtained from M 
by Dehn fillings. 
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In this paper, we classify incompressible surfaces in punctured Klein bottle 
bundles with torus boundary. The approach we use (a Morse theoretic one) is the 
one used in [2]. An alternate approach would use the fact that in any punctured 
Klein bottle bundle there is an essential vertical torus coming from the unique 
nonseparating simple closed curve in a Klein bottle. Cutting along that torus gives 
a pair-of-pants bundle, and the surfaces in that bundle should be easier to classify. 
However, there is some extra work involved in recovering the original bundle (and 
the properties of surfaces) from the pair-of-pants bundle. Another approach, sug- 
gested by Hatcher, would be to use branched surfaces, which could give a quick 
classification, except for the topological properties of surfaces, which are not easily 
read from the branched surfaces. 
The lists of surfaces we obtain are mostly longer than the ones in [2], since 
nonorientable manifolds usually have more incompressible surfaces than orientable 
ones. For example, a closed nonorientable manifold must contain an incompressible 
surface. Furthermore, in [3], Hatcher proved that if M is orientable with 8M a 
torus, then only finitely many slopes of dM are realized as boundaries of incompress- 
ible surfaces. We show examples where each slope is realized. 
In Section 1 we classify curves in a punctured Klein bottle K. In Section 2 we 
classify K bundles with torus boundary by classifying the conjugacy classes of the 
subgroup X(g) of the mapping class group of K containing homeomorphisms of 
K that preserve the orientation of 8K. In Section 3 we explain the approach we use. 
In Section 4 we list the sequences of admissible band sums in K. In Section 5, we 
classify the surfaces. 
The results of this paper are used in [6] to classify Dehn fillings of K bundles. 
1. l-manifolds in K 
A submanifold S of a manifold M is properly embedded if the boundary of S is 
contained in the boundary of M and the interior of S in the interior of M. Throughout 
this paper we shall assume that all submanifolds we discuss are properly embedded, 
unless specifically stated otherwise. 
A model for the punctured Klein bottle K is shown in Figs. 1 and 2. Note that 
H,(K) is a free Abelian group generated by the homology classes of curves a and 
b, which we shall denote by a and b. 
For every integer n, we denote by (n, 1) the ambient isotopy class of the simple 
closed curve that runs once along a, then n times along b, if n is positive, and -n 
times along -b if n is negative. Figure 3 shows (3, 1) and Fig. 4 shows (-2, 1). By 
(2n, 2) we shall denote the boundary of a regular neighborhood of (n, 1). Figure 5 
shows (4,2). By (I, 0) we shall denote the unoriented b curve, by (2,0) the curve 
parallel to the boundary of K and by (0,O) the trivial curve (curve bounding a disc). 
If properly oriented, the (x, y) curve described above represents the homology 
class xb + ya. 
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Fig. 1 
Fig. 2. 
Fig. 3. 
Fig. 4. 
Fig. 5. 
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By [n, m] we denote the arc obtained in the following way. Cut (n, m) at a point 
near to the right lower corner of K and join the ends straight to dK (see Fig. 6 for 
n=2 and m=l). 
If the “short” piece of aK is added to [n, m] and pushed in the interior of K, the 
result is (n, m). It is easy to see that if the “long” piece of 8K is added, and m is 
not 0, the result is (n -2, m). Actually, [n, m] can be obtained from (n -2, m) by 
cutting and joining as above on the lower left corner. Notice that adding a piece 
of aK to [l, 0] results in (l,O), no matter which piece we choose. [2,0] and [O,O] 
are the same (both are boundary-parallel), so we shall use the [O,O] notation for 
both of them. 
Theorem 1.1. Euery simple closed curve in K is isotopic to exactly one of the curve.s 
(O,O), (l,O), (2,0), (2n, 2) and (n, 1). Every arc is isotopic to exactly one of [O,O], 
[L 01, [a, 11 and Pn, 21. 
The theorem can be proved using combinatorial arguments. This classification 
can be found in [4,7,8]. 
A curve in K is called e~senfju~ if it is not (0, 0), [O, 01, or (2,0). A set of curves 
in K is said to coexist if they are pairwise disjoint. The final goal of this section is 
to list all combinations of coexisting essential 2-sided curves. Notice that the only 
l-sided curves are (n, 1). Clearly, if two curves coexist, so does any number of their 
parallel copies, so we shall consider one copy in each isotopy class. 
Theorem 1.2. ~efollo~i~g are all maximuI combinu~ions of coexisting essenfia~ 2-sided 
curves in K: 
(1) (2n, 2), [2n, 21 and [n + 1, 11; 
(2) (2n, 2), [2n +2,2] and [n + 1, 11; 
(3) (2n, 2), (2n +2,2) and [2n +2,2]; 
(4) (LO) and [1L 01; 
(5) In, 11, fn + I,11 and L&21; 
(6) [n, 11, [n + I,11 and [I, 01. 
The situation in Theorem 1.2 is described in the following diagram, where vertices 
represent curves, and two vertices are joined by an edge if and only if the correspond- 
ing curves coexist. Maximal coexisting combinations correspond to maximal 
Fig. 6. 
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(1 ,O) 
c-3, $11 
C-8,2) C-62) C-4,2) (-2,2) (0.2) W) (4,2) 62) (8,2) 
A detailed proof is given in [7]. Similar diagrams were obtained in [4,8] by using 
the classification of arcs in a pair of pants obtained by cutting along b. 
2. Homeomorphisms of K 
The group of homeomorphisms of K, modulo the ones isotopic to the identity is 
called the mapping class group of K, and will be denoted by A(K). By X(K) we 
shall denote the subgroup of A(K) consisting of the classes of homeomorphisms 
that preserve the orientation of aK_ In this section we classify the conjugacy classes 
of A’“(K). If tp is a homeomorphism of K, then by qp* we shall denote the induced 
isomorphism of H,(K). 
Theorem 2.1. If 40~ is the identity homomorphism, then cp is isotopic to the identity 
homeomorphism. 
Proof. First, we shall prove that (D can be isotoped so that its restriction to au b 
is the identity. The homology class of q(b) is b, and by Theorem 1.1, b is the only 
simple closed curve representing that homology class, so q(b) is isotopic to 6. For 
the same reason, q(a) is isotopic to a. First isotope cp so that it is the identity on 
b. Since q(a) n q(b) is one point, we can isotope further to get q(a) = a keeping 
b setwise fixed. We may need to rotate b, as q(a) may appear as in Fig. 7. 
The new map is the identity on a u b. K cut along a L.J b is an annulus. Since 9 
is already isotopic to the identity on one boundary component of the annulus, it 
can be further isotoped to the identity on the whole annulus. Hence, cp can be 
isotoped to the identity of K. This completes the proof of the theorem. q 
By .X(K) we shall denote the group of isomorphisms of H,(K). The map 
0 : X(K) + X(K) that sends the isotopy class of cp to ‘p* is a homomorphism. By 
Theorem 2.1, the kernel of 0 is trivial, so 0 is a monomorphism. 
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Fig. 7. 
Notice that an element f of R(K) can be represented by a 2 x 2 matrix in the 
following way: if f(b) = ab + ca and f(a) = bb + da, then f is represented by the 
matrix (: ,“), and the determinant ad - bc is equal to 1 or -1. The group operation 
of Z%‘(K) is represented by the usual matrix multiplication. So, we can think of 
X(K) as a group of 2x2 matrices with the usual multiplication. Every element of 
f2(X(K)) sends the homology class of dK (which is *2b) to itself, so for any element 
f of O(K(K)), f(26) = 2b, which implies f(b) = b. Hence, in the matrix a = I and 
c = 0. The determinant condition implies that d is *l. 
Let us denote by 3’ the group of matrices of the type (A z), where c is 1 or -1 
and n is any integer (it is easy to check that 9 is a group). We have proven that 
0(X(K)) is contained in 3. (P,, = (A r) is the image of the class of n Dehn twists 
about b (if n > 0, twists are in the b direction, if n < 0 in the opposite direction). 
p = (A -y) is the image of the class of reflection through b. The above matrices 
generate 3, so we conclude that 0(x(K)) = 3. 
Hence, the problem of computing the conjugacy classes of X(K) is reduced to 
the problem of computing the conjugacy classes of 3’. 
Remark 2.2. Note that in the diagram above, (P,, induces a translation, and p induces 
a reflection. 
Theorem 2.3. The conjugacy classes of X( K ) are represented by thefollowing matrices: 
(p,,, where n is a nonnegative integer, p and v = (A -i). 
The proof is an easy exercise in linear algebra. 
Notice that the conjugacy classes are closed under taking inverses. 
Let rp : K + K be a homeomorphism, By M, we denote the identification space 
KXI/---, where (x, 0) - (p(x), 1). M, is a K bundle over S’, and every such bundle 
is n/l, for some cp. Any K x {point} will be called a jiber. It is a well-known fact that 
if the conjugacy classes of cp and 1.,5 in the mapping class group of K are the same 
then h4, and M+ are fiber-preservingly homeomorphic. The boundary of M, is an 
S1 bundle over S’, so it is a Klein bottle or a torus. It is a torus if and only if 9 
preserves the orientation of dK. We shall be interested only in bundles with torus 
boundary, so we can assume that cp preserves the orientation of aK. That means 
that the isotopy class of cp lies in X(K), so, in the cases we shall consider, M, and 
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MJ, will be fiber-preservingly homeomorphic whenever their conjugacy classes in 
X(K) are the same. 
Proposition 2.4. M, and h4,,, are homeamorphic if and only ifthey areJiber-preservingly 
homeomorphic. 
Proof. We compute the homology groups and see that different conjugacy classes 
of cp give nonhomeomorphic bundles, with the two possible exceptions, p and poz, 
which give isomorphic first homology groups, and similarly for I, and cp, . We shall 
later see that M, contains an incompressible nonseparating torus if and only if 
cp = (P,, for some n, and that will prove that the above are not exceptions. Hence, if 
Mq and Me are homeomorphic, their conjugacy classes are the same, and then they 
are fiber-preservingly homeomorphic. q 
3. The main idea 
The following two lemmas are easily proved, well-known results. 
Lemma 3.1. Zf M is an irreducible 3-manifold and 8M is a torus, then the only 
incompressible, ~-compressible surface in M is a boundary-parallel annulus. 
Lemma 3.2. If S c M, is ajiber or a boundary-parallel torus, then it is incompressible. 
We shall call a connected 2-sided surface SC. M, essential if it is incompressible 
and d-incompressible and not a fiber or a boundary-parallel torus. 
Let S be an essential surface. Then it can be isotoped so that aS is transverse to 
all fibers, or each component of aS lies in a fiber, the natural projection p : M, + S’ 
is a Morse function, with finitely many critical points, all in distinct levels, and all 
saddles. S intersects fibers corresponding to regular points of p (called regularfibers) 
in I-manifolds containing at least one essential curve and not containing (0,O) or 
[0, 01. The proof of the above facts can be found in [2]. 
By s” we shall denote the lift of S to the infinite cyclic cover h;r of M,. Notice 
that A% is homeomorphic to K x R. s” is invariant under Cr, where @(x, f) = 
(p(x), t+ l), since it is a lift of S. Now we have a Morse function with range R, 
and the intersections with regular fibers are as in the previous paragraph. 
Passing through a crirical~ber (corresponding to a critical value}, intersections 
change as in Fig. 8. 
x+x4x 
Fig. 8. 
An intersection of s” with a regular fiber slightly below the critical level looks as 
the left part of Fig. 8, with a critical fiber as the middle part and with a fiber slightly 
above as the right part. 
We can think of these changes as follows (see Fig. 9). Start with a l-manifold in 
K (left part of Fig. 9). Attach a band to it (middle part). Replace the starting curve 
with the one of the right part. 
Fig. 9. 
We shall call this operation band SUM. A band sum is admissibly if neither the 
starting l-manifold nor the resulting l-manifold contain trivial curves ([O,O) or 
(0,O)) or l-sided curves. Every band sum corresponding to a saddle of sis admissible. 
Each saddle of S lifts to an infinite sequence of saddles of L?, one in each 
K x [n, n + I]. So, if there is at least one saddle in S, there is a bi-infinite sequence 
of saddles of $. To that sequence corresponds a sequence of admissible band sums. 
In Section 4 we shall list the sequences of admissible band sums that correspond 
to a ~-invariant g. In Section 5 we fist all S and for the case 9 = p we prove that 
the list is complete. The proof for other cp is similar, although in some cases more 
technically involved. The basic idea is to check which of the sequences of Section 
4 can exist for a particular 40, and use them to construct all possible surfaces with 
saddles. Surfaces without saddles are easy to classify. This procedure will produce 
all possible essential surfaces. Then we prove that the constructed surfaces are 
essential. 
4. Admissible band sums and sequences 
If a band sum B is attached to curve(s) X, produces curve(s) y, and leaves 
everything else intact, we shall write B : x + y. A band sum B is called the inverse 
of the band sum C if changing the intersections of a surface with fibers from the 
lower to the upper level via C can be thought of as changing from the upper to the 
lower via B. The inverse of B will be denoted by B-‘. 
The list of all admissible band sums is rather long, but relatively few of them can 
be stacked in a sequence. For the sake of brevity, we list here only the possible 
sequences. 
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Theorem 4.1. The only admissible sequences are the following: 
(a) Sequences involving arcs 
(1) . . . U”U,U,. . . , where u,:[n,l]+[n, 11, 
(2) . . _ d,,d,d,, . . . , where d,:[n, I]+[n, I], 
(3) -.-f;,fnfn**., wheref,:[n, l]u(n+l, I]-[n, l]u[n+l, l], 
(4) . . . h~h~h~. . , where h,:[n, l]u[n+l, l]-[n, l]u[n+l, 11. 
(b) Sequences involving (2n, 2) 
(1) . . . I,,+, . . . In+, I,. . . I,,I,_, . . In-, . . . and 
(2) . . . r,:, . . r,:,r,’ . . . Z,‘I,A, . . . z,!, . . . , 
where I,, is either (2n, 2) + (2n +2,2) u (2,O) or (2n, 2) u (2,O) + 
(2n +2,2). 
b (0,2) u (2,O) f (2>2f 
Fig. 10 
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(c) Sequences inuolving (1,O) 
(1) . . . RRR...and 
(2) . . . LLL.. . ) 
where R and L are either (l,O)+(l,O)u(2,0) or (l,O)u(2,0)+(1,0). 
(They di#er in the side of (1,0) to which they are attached.) 
No surface with saddles is closed. 
We omit the proof, which is tedious and mainly consists of checking all the 
possibilities, and disposing of the ones that cannot happen. The basic idea for the 
proof is from [2], and details appear in [7]. The band sums appearing in Theorem 
4.1 are pictured in Fig. 10. 
5. Essential surfaces 
Theorem 5.1. All essential surfaces in the K bundles are given by Tables 1, 2, 3 and 4. 
In Table 1, T=(l,O)xZ/---, A=[l,O]xZ/-. 
Tn, for n even, is obtained in the following way. Divide Z into 2n subintervals 
Z,, . . . , 12n. Now, Tn n (K x Izk+,) = (2k, 2) x &+, , for k = 0,. . . , n - 1. For k = 
1 . . 9 n, Tn n (K x IIk) is obtained by twisting (2k -2,2) in the b direction as we 
gb’up until it becomes (2k, 2). In the process, a hole is made in the surface, since 
(2k-2,2) and (2k, 2) are isotopic in a closed Klein bottle, but not in a punctured 
one. For n odd,Tn is obtained by constructing a surface, say Tn’, as above; but 
now Tn’ is l-sided and we let Tn be the boundary of a regular neighborhood of Tn’. 
Table 1. cp=q,,,n>O 
Surface Type Boundary Separating 
T 
A 
Tn. n even 
Tn, n odd 
S(k, s, n), k, s coprime, 
s>O, k#O, k even 
S(k, s, n), k, s coprime, 
s>O, k#O, k odd 
torus 
annulus 
torus with n holes 
torus with 2n holes 
torus with Ikl holes 
Klein bottle with Ikl 
holes 
0 
{point} X I/- 
each component lies in a 
fiber 
each component lies in a 
fiber 
each component lies in a 
fiber 
each component lies in a 
fiber 
"0 
no 
yes 
yes 
IlO 
no 
S(k, s, n) is obtained by taking Ikl copies of the fiber, cutting each of them along 
(1, 0), and then glueing the resulting circles as schematically pictured in Fig. 11. 
Glueings for k > 0 and k < 0 differ as in Fig. 11 (a) and Fig. 11 (b). 
In Table 2, K =(2,O)xZ/--, T = the boundary of a regular neighborhood of 
(1,O) x I/--_, A= the boundary of a regular neighborhood of [l, 0] x I/---, M = 
[l, l]xZ/--. 
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(a) 
Fig. 11. 
Table 2. (c = p (the frame on a&f, is given in the proof) 
\ 
(b) 
Surface Genus Orientable # of holes Slope of d Separating 
K 
T 
A 
M 
F(P/~), A 4 coprime, 
9 > 0, p/q f W, 4 even 
F(plq), P, 4 coprime, 
q>O,p/q#l/L qOdd 
2 ll0 
1 yes 
0 yes 
“0 
LP-q1/2+1 no 
1% - 91 IlO 
yes 
yes 
yes 
no 
no 
“0 
F(p/q), for q odd, is obtained by taking ]2p - q[ copies of the fiber, cutting them 
along [ 1, 11 and glueing as in Fig. 11. Glueings for 2p - q > 0 and 2p - q < 0 differ 
as in Fig. 11(a) and Fig. I l(b). If q is even, F(p/q) is obtained in a similar way. 
The number of copies of the fiber is /2p-q//2. 
InTable 3, T1={(0,2)u(-2,2)}xI/-, A={[O,l]u[l,1]}xI/-. 
T2, Al and A2 are the boundaries of regular neighborhoods of (1,O) x I/--, 
[LOlxZl-_, and [0,2] x I/ - respectively. 
Table 3. Q = Y (the frame on aM, is as the one for cp = /.L) 
Slope of d Surface Genus Orientable # of holes Separating 
Tl 1 yes 0 yes 
T2 1 yes 0 yes 
l/2 Al 0 yes 2 yes 
A2 0 yes 2 yes 
A 0 yes 2 “Cl 
Plq, q odd WJlq) l2p-ql-1 yes 4 II0 
P/q,9=4n+2,Plqf1/2 O(Pl9) l2P - 42 yes 2 no 
OS( p/q) /2P-q/-l yes 4 yes 
p/q,q=sn+4 N(pl9) 12P-q//2+1 no 1 II0 
P/4,4=hq’O N(Plqi /2p-q//2+ 1 no 1 no 
0% P/9) l2P - 9V2 yes 2 yes 
^. 
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The other surfaces are obtained by taking a certain number of copies of the fiber 
(that number is -x, the Euler characteristic of the surface), cutting them along 
[0, l] u [l, 11, and then glueing two of the resulting arcs down, two up, as in Fig. 12. 
In Table 4, Q: a surface retracts to a graph r, in a way described by the 
construction of the surface. r has as many vertices as the surface has saddles, and 
each vertex is of degree 4. The surface is orientable if and only if each cycle in the 
corresponding r contains an even number of edges. 
The frame on aM, is as follows. dK x (0) has slope l/O, and {point} x S’ has slope 
O/l. 
S(k, s, 0) is similar to S(k, s, n). 
F( p/q, n) is similar to F( p/q). The cut is along [n, 11, and the number of copies 
of the fibers is 21~1, for q odd, and IpI+ 1, for q even. 
C( p/q, 6, k, n) is similar to the surfaces for cp = V. The cut is along [n, l] u 
[n + 1, 11. The major difference is that the two “upper” arcs of one copy of the fiber 
may be joined to two “lower” arcs belonging to two different fibers (see Fig. 13). 
That could not happen for cp = V, and that is the reason why there are a lot more 
surfaces (of the type C(p/q, 6, k, n)) than for cp = V. 
Proof. We shall give the proof for the case cp = p. The proof for the other cases is 
similar, although a bit more involved. 
L 
Fig. 12. 
Table 4. ‘p = 1 (the identity) 
Slope of 8 Surface Genus Orientable # of holes Separating 
O/l 
l/O 
~14, p4 f 0, 4 even 
plq,pqfO, qodd 
PIBP4#0, 
O<k<6q/2, 
6q even, tip, 6q/2 
and k coprime 
(2n, 2) x S’ 
(1,O)xS’ 
[2n, 21 x s’ 
[rI,l]XS’ 
[l,O]XS 
S(k s, O), 
k even 
S(k, s, Oh 
k odd 
F(Pl% n) 
F(Pl% n) 
C(plq, 6, k, n) 
2 IlO Ikl 
IpI+ 
2lPl 
a-1)/2+1 
if orientable 
2+S(lpl-1) if 
not 
“0 
“0 
Q 
0 
0 
2 
2 
2 
I’% 
1 
2 
6 
yes 
no 
yes 
*0 
ll0 
IlO 
IlO 
IlO 
ll0 
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First we classify surfaces without saddles. 
A family W of pairwise disjoint curves in K, such that q(W) = W, and that for 
any nonempty proper subfamily V of W, cp( V) # V, is called a minimal invariant 
family. 
Lemma 5.2. Let S be an essential surf&e without saddles. Then, either 
(a) S is isotopic to W X I/-- for some minimal invariant family W, or 
(b) S is isotopic to the boundary of a tubular neighborhood of W x Z/ - for some 
minimal invariant family W. 
Furthermore, (a) happens tf and only if lp preserves any given order of the parallel 
copies of W. 
Proof. Without saddles, the intersections of S with fibers change only by an isotopy. 
No curve can be isotoped around in the transverse direction and come back from 
the other side, because aK # 0. Hence, S is isotopic to either W x I/-, if W x I,/-- 
is 2-sided, or the boundary of its tubular neighborhood, if W x I/- is l-sided, for 
some family of curves W such that p(W) = W. Now W has to be minimal since S 
is connected. Notice that W x I/ - is 2-sided if and only if q preserves a given 
order of the parallel copies of W. Cl 
Lemma 5.3. A(% 2)) = C-h 21, ~((1, 0)) = (1, (9, pN2n, 21) = [-2n+2,21, 
~(ln, 11) = I-n +2,21 and ~([l, 01) = El, 01. 
Proof. p is the reflection through b, so it changes every a part into -a, leaving b 
parts intact. Since in our notation a parts are always positive, the signs of b parts 
change. The extra f2 part in the case of arcs is due to the fact that if an arc is 
connected to aK at the lower right corner, its image is connected at the lower left 
corner. 0 
Lemma 5.4. There are exactlyfour minimal invariantfamilies, namely {( 1, 0)}, {[ 1, 0]}, 
{(0,2)1 and {[l, 111. 
Proof. If[n,l]isinvariant,thenn=-n+2,son=l.If[n,l]u[n+l,l]isinvariant, 
then n = -(n + 1) +2, so n = l/2, contradiction. If [2n, 21 is invariant, then 2n = 
-2ni2, so n = l/2, contradiction. If (2n, 2) is invariant, then 2n = -2n, so n =O. 
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If (2n, 2) u (2~ +2,2) is invariant, then 2n = -(2n +2), so n = -l/2, contradiction. 
(1,O) and El, 0] are invariant for any cp. Cl 
In order to describe bounded surfaces in M+, we need to introduce a frame in 
dM,. One curve in the frame will be d, the boundary of a fiber oriented as xzywx 
in Fig. 14. 
The other curve in the frame will be c as pictured in Fig. 15. It is as close as we 
can get to the “S’ factor”, since p restricted to 8K is a 180” rotation. 
A curve in dM, having homology class +( pd+ qc) will have slope p/q, where d 
is the class of d, and c is the class of c. 
Remark 5.5. The slope of a simple closed curve e (#boundary of a fiber) can be 
calculated the following way. First isotope e so that the restriction of the projection 
M, + S’ to e is a Morse function without singularities. Count the algebraic number 
of twists the curve makes in the d direction in dK x I, and add to that l/2 times 
the number of points in e n aK x { 1) to get p. The denominator q is just the number 
of points in e n c?K x { 1). 
For example, if e is made of two parts that go straight up, that is if e = {two 
points} x I/ -, then the slope of e is l/2. 
X Y 
z W 
~ 
W z 
X Y 
Fig. 14. 
Fig. 15. 
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Lemma 5.6. There are, up to isotopy, exactly four essential surfaces without saddles, 
namely: 
(a) a separating Klein bottle K = (0,2) x I/-; 
(b) a separating torus T = {two copies of (1, 0)) x Z/--; 
(c) a separating annulus A = {two copies of [l, 0]} x I/-; and 
(d) a nonseparating Mobius band M = [l, l] x I/-. 
Furthermore, slope of aA = slope of CAM = l/2. 
Proof. By Lemmas 5.2 and 5.4, all essential surfaces without saddles must involve 
one of the curves listed in Lemma 5.4. It is easy to check that p preserves the order 
of parallel copies of (0,2) and [l, 11, while it reverses the order of parallel copies 
of (1,0) and [ 1, 0] (p is a reflection through (l,O)). T and A are clearly separating, 
as the boundaries of tubular neighborhoods. Similarly, K is the boundary of a 
tubular neighborhood of (0,l) x ii--. (1,O) x {point) intersects M transversely in 
one point, so M is nonseparating. Since p reverses the orientation of (0,2), K is 
a Klein bottle. p reverses the orientation of [l, l], so M is a Mobius band. T and 
A are obviously a torus and an annulus. Slope of C?A = slope of c?M = l/2 by the 
example in Remark 5.5. To prove that the above surfaces are incompressible, it is 
enough to show that their lifts to %?l are incompressible, which is obvious. They are 
a-incompressible by Lemma 3.1 (A is not boundary-parallel because its lift is not 
boundary-parallel). 0 
Now, we classify essential surfaces having saddles. 
Lemma 5.7. The only possible sequences of bands are (1) and (2) of Theorem 4.1(a), 
with n=l. 
Proof. The sequences (3) and (4) of Theorem 4.1(a) are not possible, since they 
imply invariance of [n, l] w [n + 1, l] for some n. (1) and (2) imply invariance of 
[n, I], so they are possible only for n = 1. The sequences of Theorem 4.1(b) are not 
possible, since they imply that for any integer k, cp sends (2k, 2) to (2k+p, 2) for 
some integer p. The sequences of Theorem 4.1(c) are not possible, since an R saddle 
lifts to both R and L saddles, and so does an L saddle (R and L are symmetric 
with respect to b, and p is a reflection through b). 17 
Intersections of an u, saddle with fibers change as in Fig. 16. The saddle itself is 
shown in Fig. 17. It is easy to see that the saddle is isotopic to a fiber cut along [ 1, 11. 
A surface having sequence (1) of Theorem 4.1(a) is made of blocks as the one 
in Fig. 17, where the blocks can be stacked one on top of the other or parallel to 
each other, and, maybe, of some pieces isotopic to [l, l] x I. In order to classify 
such surfaces, we introduce an auxiliary surface T* = (1,0) x I/--. Note that T” is 
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a l-sided torus. For a frame on T” we choose b = b x {point} and f= {point} x I/-. 
The homofogy classes of b and f will be denoted by b andf: If the homology class 
of a curve on T” is kb+sf; then its slope on T* is k/s. 
Let S be a surface having sequence (1) of Theorem 4.1(a). We may assume that 
S intersects T” transversely. Then, the schematic picture of Fig. 11 coincides with 
S n T*. Each saddle of S contributes -1 towards k in the slope k/s of S n T*. We 
may also assume that the restriction of the projection M, + S’ to S n T” is a Morse 
function without singularities. Then, s is the number of points in (S n T”) n 
(K x {l}), which is the same as the number of components of S n K x (1). 
Hence, if S has k saddles and the number of components of S n K x { 1) is s, then 
the slope of Sn T* in T” is -k/s, so gcd(k, s) = 1. Conversely, if k and s are 
coprime positive integers, then there is a surface S having k saddles and with s 
components of S n K x (1). To construct such a surface, choose a curve 1 on T* 
with the slope -k/s and such that the restriction of the projection M, -3 S’ to 1 is 
a Morse function without singularities. Then, for each twist of 1 in the -b direction 
place a copy of the block shown in Fig. 17 along it, and for vertical parts of f 
through each point of 1 place a copy of [ 1, I] in the corresponding fiber. Furthermore, 
such a surface is unique, up to isotopy, since any surface with u, saddles can be 
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isotoped to a surface of this type, and the result of the construction does not depend 
on the choice of 1, since an isotopy of 1 in T* extends to an isotopy of S in M,. 
Now we compute the slope p/q of aS in a&f, in terms of k and s. Passing through 
each saddle, and also identifying a component of S n I x {I} with a component of 
S n K x (0) reverses A and B of Fig. 16, so there are two cases: 
Case 1: k+s even. Then aS consists of two components. Notice that in each 
saddle, both arcs of aS make a half-twist in the d direction. By the procedure of 
Remark 5.5, the slope is (k/2+ s/2)/s = ((k + s)/2)/s, so p = (k+ s)/2 and q = s. 
Solving for k and s gives s = q and k = 2p - q. Since gcd(k, s} = 1 and k + s even, s 
must be odd. Hence, q is odd, and, since k and s are positive, q > 0 and 2p - q > 0, 
which amounts to p/q > l/2. There are no other restrictions on p and q, so this way 
we obtain exactly one (up to isotopy) surface for any slope p/q > l/2, q odd. We 
shall call this surface F(p/q). Since F(p/q) n T” is nonseparating in T*, F(p/q) 
is nonseparating. Each saddle is a MGbius band, so F(p/q) is nonorientable. 
The Euler characteristic x( F( p/q)) can be computed as follows. The starting 
saddle has x = 0. Each additional saddle also has x = 0, but is glued to the previous 
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one along an interval, so their x decreases by one. At the end, the last saddle is 
glued back to the first, which further decreases x by one. Hence, x = -k, the number 
of saddles. In this case k = 2p -4. The genus g( ~(p/q)} = 2 -x - S, where 6 is the 
number of boundary components. Here, 6 = 2, so g( F( p/q)) = 2p - q. 
Case 2: k + s odd. Then, dS is connected. By the procedure of Remark 5.5, the 
slope is (k+ s)/(2s), so p = k + s, q = 2s. Solving for k and s gives s = q/2 and 
k = (2p - q)/2. Hence, q is even, and, since k and s are positive, q > 0 and 2p - q > 0, 
which amounts to p/q > l/2. There are no other restrictions on p and q, so this way 
we obtain exactly one (up to isotopy) surface for any slope p/q > l/2, q even. 
We shall call this surface F(p/q), since these p/q are different from the ones of 
Case 1. Again, F(p/q) is a nonorientable nonseparating surface, but since now 
6=1 and k=(2p-q)/2, genus g(F(p/q))=(2p-q)/2+1. 
This classifies the surfaces with u1 saddles. The surfaces with d, saddles can be 
classified in a similar way. The slopes on T* are now going to be positive. Again, 
for any coprime pair of positive integers k, s there is, up to isotopy, exactly one 
surface having k saddles and .s components of S n K x (1). In each saddle both arcs 
of aS make a half-twist in the -d direction. Again we have two cases. 
Case 1: k + s even, 8s consists of two components. The slope is (-k/2+ s/2)/s = 
((s--)/2)/s, so p=(s- k)/2, q =s, k= -(2p-q), p/q is any slope such that 
p/q < I/2, 4 odd, g(~(p/q)) = -VP - 9). 
Case 2: k+ s odd. aS is connected, the slope is (s - k)/(2s), p = s -k, q = 2s, 
s = q/2, k = -(2p - q)/2. p/q is any slope such that p/q < l/2, q even, g(F(p/q)) = 
-(2p-q)/2+1. 
Let F(p/q) be the lift of F(p/q) to &% = II x R. To see that F( p/q) is essential, 
it is enough to show that p( p/q) is incompressible. But, the restriction of the natural 
projection K x R + K to F(p/q) is a covering, so F(p/q) is incompressible. 
This finishes the proof of Theorem 5.1 in the case cp = p. 0 
Remark 5.8. In a way, we can think of M as F( l/2), and of a fiber as Ff l/O). They 
do not correspond to sequences of Theorem 4.1, but otherwise they fit the description. 
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